We explain the origin of the Kondo mirage seen in recent quantum corral Scanning Tunneling Microscope (STM) experiments [1] with a scattering theory of electrons on the surfaces of metals. Our theory combined with experimental data provides the first direct observation of a single Kondo atom phase shift. The Kondo mirage at the empty focus of an elliptical quantum corral is shown to arise from multiple electron bounces off the walls of the corral in a manner analagous to the formation of a real image in optics. We demonstrate our theory with direct quantitive comparision to experimental data.
. In STM experiments on single Kondo atoms, the electron correlations of the Kondo effect lead to a characteristic line shape in the tunneling spectroscopy of Kondo atoms on metallic surfaces that is localized to within ∼ 10Å of the atom [2, 3] . More recent STM experiments discovered the remarkable fact that when a Kondo atom is placed at one focus of a properly sized empty elliptical quantum corral a "mirage" of the Kondo resonance is cast to the opposite focus [1] more than 70Åaway. What does this imply about the magnetism of the empty focus? Is there a Kondo screening cloud there? Here we present a single-particle multiple scattering theory of surface state electrons in the presence of Kondo resonant adatoms that allows us to determine the phase shift of a single Kondo atom from experiment for the first time [4] , and makes quantitative predictions of all mirage-like effects from resonantly scattering Kondo adatoms. Our single-electron theory gives accurate quantitative predictions at any position more than 7Å away from a surface Kondo atom and strongly suggests that the STM experiments are at the very least insensitive to the putative and much larger correlated Kondo cloud.
When an STM tip is biased negatively with respect to the surface of a metal, such as Cu(111), electrons can tunnel from the tip onto the surface, creating a region of enhanced electron amplitude under the tip which travels outwards as a wave on the surface. This electron wave may encounter surface defects such as adatoms or step edges, which cause scattering. Part of the scattered wave returns to the STM tip where, depending on the relative phase of the outgoing and incoming amplitudes, it interferes constructively or destructively with the outgoing wave. This interference leads to fluctuations in the STM current as the tip is moved over the surface. Here, all relevant surface defects are adatoms.
Heller et al. [5] showed that because the Fermi wavelength of the surface state electrons on Cu(111) is much larger than the size of adatoms and because the adatoms are separated by a distance large compared to their size, it is permissible to use a multiple s-wave scattering expansion to calculate the electron amplitude on the surface. In this picture, the scattered electron wave, and therefore the STM signal, are determined by a single quantity: the s-wave phase shift of the scattered wave, δ o (ǫ), which will typically contain both real and imaginary parts. The imaginary part of the phase shift represents "absorption" (incoherent scattering of electrons) by the adatoms which tend to couple surface states to bulk states [5] [6] [7] resulting in a loss of electrons from the surface states.
For s-wave scattering from a single adatom in two dimensions, the wave function is given by [8] ,
where the scattering amplitude, f , is
and φ(r) is the amplitude of the circular electron wave emanating from the STM tip. There is no angular dependence of f in the s-wave approximation. Here, k = 2π λ , where λ, the wavelength of the electrons on Cu(111), is 29.5Å. ǫ(k) is known from the surface state electron dispersion relation of Cu(111) which is nearly parabolic with an effective mass of m * = 0.38m e . Once δ o (ǫ) is determined, the surface scattering can be computed. In the limit of small bias voltages and low temperature [9] ,
where ǫ is the energy determined by the bias voltage V and the Fermi energy E F , via ǫ=E F +eV; ν labels the scattering eigenstates in the presence of the adatom. When several or many adatoms are present as in this paper, a multiple scattering approach [10] is used to compute ψ ν ( r).
For non-Kondo adatoms, such as Fe on Cu(111) at 4 K, excellent matches to observed electron densities in quantum corrals and corral resonance widths were found using a constant, purely complex s-wave phase shift, δ o = i∞. This choice of δ o = i∞ gave an effective single-atom phase shift of 90 o [5] , which matched the asymptotic part of single-atom interference oscillations near an Fe adatom on Cu(111) [11] . For Kondo adatoms such as Co on Cu(111) at 4 K [1] , such a simple choice of phase shift will not work because of the many-body Kondo resonance which adds a narrow spectral peak to the density of states near E F , and leads to resonant scattering [12] .
We do not have an ab initio calculation of the phase shift of a single Co adatom. Rather, we fit the resonant form of the phase shift, including inelasticity, and calculated the multiple scattering problem with this single atom data. Since the on-atom electron orbital density is not accounted for in scattering theory, we used an on-atom fit involving only a renormalization of the free-space Green's function and a change in the background phase shift to compute the STM signal on top of a Kondo adatom [16] [17] [18] . This on-atom fit is important only in comparing on-atom intensities with intensities at other locations, such as the empty focus. By determining the phase shift of our theory from experimental data, we have shown that we have actually measured the single Kondo atom phase shift for the first time.
We find a good fit to the s-wave scattering phase shift to be
where δ bg = π 4 ± π 10 , δ ′′ = 3 2 ± 1 4 , Γ = (9 ± 1) meV and ǫ o = E F -1meV are determined by experiment. δ bg is a background phase shift that controls the resonant line shape of the adatom scattering cross-section and is related to the asymmetry parameter of the Fano line shape [13] . δ ′′ is the imaginary part of the phase shift and is a measure of the inelasticity in adatom scattering. Tan −1 ( ǫ−ǫo Γ/2 ) reflects resonant scattering due to the presence of Kondo physics at the adatom. The theory of the Kondo effect predicts that there is a narrow spectral peak in the density of states near E F , of width ∼ T K , where T K is the Kondo temperature and is typically a few hundred meV in bulk metals [12] , but narrower (∼10 meV) for Kondo atoms on metal surfaces [1] [2] [3] . This narrow spectral peak leads to resonant scattering near E F in bulk and we expect an analogous effect on surfaces.
As described in [5] , the single atom scattering amplitudes are translated into tip conductance through a multiple scattering theory with the tip as a Green's function source, and the adatoms as s-wave scatterers of the properties mentioned above. The theory involves inverting matrices whose dimension is the number of scattering atoms on the surface.
Applying the theory to elliptical corrals results in the images shown in Fig. (1) and Fig. (2) . The agreement with experiment is excellent. Our calculation of the tunneling spectrum at the two foci is compared with experiment in Fig. (3) . Note that the signal at the unoccupied focus is attenuated by approximately a factor of 8, both experimentally and theoretically. δ ′′ is largely responsible for the attenuation of the mirage at the unoccupied focus of the ellipse: the rest of the attenuation comes from flux leaking through the corral.
The calculated spectroscopy in Fig. (3) most clearly demonstrates that the Kondo mirage is due to resonant scattering of electrons from the adatom at the opposite focus. Our calculations show that the wall atoms' Kondo resonances play no essential role in the projection of the mirage to the empty focus. Walls with δ = i∞ also result in the mirage at the empty focus provided the focal adatom is treated as a resonant scatterer. Experimentally it is also found that ellipses without Kondo walls project the mirage to the empty focus. The asymmetric dip in the tunneling spectroscopy on top of a single adatom may be considered to be a Fano line shape [1] [2] [3] 13] , which arises from the interference between indirect tunneling from the STM tip through a quasi-bound Kondo state into the electron continuum and direct tunneling into the continuum. This picture suggests that the spatial extent over which the Fano profile persists near a Kondo adatom (∼ 7-10Å) would be a measure of the size of the Kondo effect because there must be two interfering channels to give the Fano line shape. If so, then is the Fano-mirage at the empty focus indicative of a remotely projected Kondo effect? Is the electron sea locally perturbed at the empty focus just as it is at the opposite occupied focus more than 70Å away?
The question of the existence and size of the Kondo screening cloud has been raised in the past [14, 15] . Initially, there were hopes to see this cloud or its effects directly through STM imaging. On one hand, scaling arguments suggest that there should be an exponential dependence to the size of the Kondo cloud [14] , whose characteristic length scale is
where v F is the Fermi velocity and k B is the Boltzmann constant. For T K ∼ 50 K, ξ K ∼ 1000Å. On the other hand, the experiments can be explained quantitatively by an asymptotic scattering theory outside 7-10Å which is about 100 times smaller than the cloud size estimated by scaling arguments.
The Fano lineshape at the empty focus is not clear evidence for a screening cloud and the resultant Fano interference for the following reason: a Fano lineshape also arises when an isolated resonance interferes with a slowly varying background phase shift in scattering theory. In the scattering picture on a Kondo adatom, amplitude leaving the STM tip and tunneling onto the surface destructively interferes with the weaker amplitude which has scattered off the Kondo atom and returned to the tip. (As the tip is moved away from an adatom, the extra phase gained upon making the round trip to the adatom and back can turn the destructive interference into constructive interference). The partly imaginary phase shift assures that, in spite of the (real) phase change of π through the resonance, the interference remains destructive and a dip results near an adatom as more (destructively interfering) amplitude comes back from the Co atom on resonance (when its total cross section increases). The mirage at the empty focus can be explained quantitatively by such an interference effect.
Nonetheless we believe that the term "mirage" is very apt indeed: the Kondo effect appears to be projected to a remote spot, but the STM is only probing the Kondo focal adatom from afar. The remote image of the Kondo effect is explained quantitatively by the refocusing of the s-wave electrons leaving the empty focus and traveling to the occupied focus after one bounce off the walls, scattering from the focal adatom, and then returning to the empty focus after one more wall bounce to interfere with the amplitude emerging from the tip. Subsequent bounces are relatively unimportant. (In the multiple scattering theory, wall reflections arise naturally from the multiple interactions of electrons with different adatoms.
Due to the imaginary phase shifts and the spaces between the adatoms, the elliptical cavity is rather leaky and has a small quality factor, on the order of 1 or 2. Thus, essentially two wall bounces suffice to explain the STM patterns.)
We have shown that the Kondo mirage is a result of resonant scattering at Kondo adatoms and we have measured the single atom Kondo phase shift for the first time. All the experimental measurements more than 7Å from a Kondo atom are quantitatively explained by s-wave surface state electron amplitude impinging on the Co adatoms and rebounding with a phase shift. Our theory can also be applied to predicting mirages of vibrational modes of molecules on surfaces such as CO as mentioned in [1] . The imaginary part of the phase shift would then acquire energy dependence near the energy of vibrational excitations.
Is the Kondo effect really projected to the empty focus? Yes, and no. One need look no further than the concept of the real image in optics to understand the sense in which projection occurs. Fig. (1) b and Fig. (1) d. Subtracting the image of an ellipse with no focal adatom from an image of an ellipse with one focal adatom results in the dI/dV images in e (theory) and in f (experiment). Note that e and f resemble an eigenstate of the ellipse. The ellipse was constructed so that there would be a quasi-bound state at E F that is peaked at the two foci. 
